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We explore the problem of projecting the ground state of a system into a superposition between
energy eigenstates when the coupling between measurement device and system is much smaller than
the energy scales of the system itself. As a specific example, we investigate an ultra-strongly coupled
light-matter system whose ground state exhibits non-trivial entanglement between the atom and
photons. As a measurement apparatus we consider both linear and non-linear driven resonators.
We find that the state of the non-linear resonator can exhibit a much stronger correlation with
the ultra-strongly coupled system than the linear resonator, even when the system-measurement
apparatus coupling strength is weak. Also, we investigate the conditions for when the nonlinear
resonator can be entangled with the ultra-strongly coupled system, which allows us to project the
ground state of the ultra-strongly coupled system into a non-energy eigenstate. Our proposal paves
the way to realize projective measurements in an arbitrary basis, which would significantly broaden
the possibilities of controlling quantum devices.
PACS numbers:
A quantum measurement typically projects the a sys-
tem into an eigenstate of the measured observable Aˆ. In
quantum measurement theory, the measurement appara-
tus interacts with the target system due to an interaction
HamiltonianHI = JAˆ⊗Bˆ, where Bˆ denotes the operator
of the apparatus and J denotes a coupling strength [1, 2].
This process induces a correlation between the system
and apparatus. A subsequent measurement on the appa-
ratus itself implements the projection of the target sys-
tem, and the readout of the apparatus is associated with
the eigenvalues of the system observable Aˆ. To realize
a quantum non-demolition measurement, the observable
Aˆ should commute with the target system Hamiltonian
[2]. In addition, in several experiments [3–6], projective
measurements on quantum systems have been demon-
strated directly in the energy-eigenbasis itself, where the
observable Aˆ is the Hamiltonian of the target system.
Although projective measurements in an arbitrary ba-
sis would significantly broaden the possibilities of con-
trolling quantum states if realized [7–9], such non-energy-
eigenbasis measurements are, surprisingly, sometimes not
straightforward. Ideally, if the system observable Aˆ to
be measured does not commute with the system Hamil-
tonian, Aˆ has a matrix component to induce transitions
between the energy eigenstates. Importantly, however, if
the coupling strength J is much smaller than the energy
of the system, such transition matrix components disap-
pear under a rotating wave approximation [10] (see Ap-
pendix A for details), and we cannot project the system
into the eigenbasis of Aˆ; the system stays in its energy
eigenbasis.
On the other hand, if the coupling between the system
and apparatus is much larger than the system energy,
one can perform a projective measurement much faster
than the typical time scale of the system, hence realizing
non-energy eigenbasis measurements [11–13]. However, if
energy scales are comparable, the dynamics, and the sub-
sequent quantum measurement process, becomes much
more complicated than the cases described above. Un-
derstanding the interaction between the apparatus and
system, and their dynamics, is important not only for
explaining the mechanism of quantum projective mea-
surements but also to achieve a higher level of control
over quantum states.
The ultra-strong and deep-strong coupling regimes be-
tween atoms and light is an especially attractive area to
explore the possibility of non-energy eigenbasis measure-
ments. This is because the ground state of this system
exhibits non-trivial entanglement between the atom and
photons, and virtual excitations, which are difficult to
probe with energy eigenbasis measurements alone. This
hybridization of light and matter is one of the core top-
ics in quantum physics [14–22]. In addition, when the
coupling strength between light and matter becomes ex-
tremely strong, so that it surpasses the cavity resonance
frequency, it is predicted that a new ground state will
emerge [23–40]. Such a regime was recently experimen-
tally demonstrated [41–43].
Measurements of ultra-strongly-coupled systems so far
have mostly focused on extraction of photons from the
ground state, via modulation of some system parame-
ter [44, 45] (akin to approaches used to observe the dy-
namical Casimir effect [46–50]), or transitions out of the
ground-state itself [51, 52]. In addition, another pro-
posal suggested using an ancillary qubit coupled to an
ultra-strongly coupled system [53], with the goal of doing
QND measurement of the photons in the ground state.
Since the ground state of the ultra-strongly-coupled sys-
tem contains virtual photons, we can also in principle
extract the virtual photons if the state is projected into
a non-energy eigenbasis state [44] (akin to approaches
used to observe the dynamical Casimir effect [46–50]).
2If we could observe such photons extracted from the
ground state, this would be a direct evidence of the im-
plementation of the non-energy eigenbasis states. More-
over, non-eigenbasis measurements on a ground state of a
ultra-strongly-coupled system could potentially be used
to induce an optical cat state, which is itself a resource
for quantum information processing [27, 28]. Given these
potential benefits, and open problems to be solved, the
ultra-strongly-coupled system is attractive as an exam-
ple with which to investigate the problem of non-energy
eigenbasis measurements. Although there are several
previous works studying the quantum properties of the
ground state in an ultra-strongly-coupled system [23–
26, 53, 54], here we focus only on how to perform non-
energy eigenbasis measurements on the ground state of
such a system.
In this paper, we specifically analyze the dynamics of
an ultra-strongly coupled system interacting with a mea-
surement apparatus, when the measured system observ-
able does not commute with the system Hamiltonian.
We evaluate the dynamics of the measurement apparatus
during the interaction, the back-action of the measure-
ments on the system, and the correlations between the
system and the apparatus. Such properties are typically
studied when one tries to examine in detail a quantum
measurement process [55–58]. Although there exist theo-
retical proposals to use a detector that continuously mon-
itors the system [12], here we consider a binary-outcome
measurement performed on the measurement apparatus
after the measurement apparatus and system have been
allowed to interact. Such a binary-outcome measurement
is understood to induce a strong correlation with the sys-
tem [59, 60], which is crucial to realize our goal of non-
energy eigenbasis measurements.
While linear resonators are used as a standard method
for quantum measurement in cavity quantum electrody-
namics and circuit quantum electrodynamics, in some
cases a nonlinearity has been employed to improve qubit
readout [4–6, 59, 61, 62]. Due to the bifurcation effect,
the state of the nonlinear resonator becomes highly sen-
sitive to the state of the system, which enables one to
implement a high-visibility readout. Here, with both
full numerical modeling and a low-energy approximation,
we investigate how such a driven nonlinear resonator
interacts with the ultra-strongly-coupled system. Sur-
prisingly, although the coupling between the nonlinear
measurement device and the ultra-strongly-coupled sys-
tem is weak compared to system energy scales, we show
that the dynamic evolution can induce a strong corre-
lation between them, which shows that the non-linear
resonator would be a suitable device to realize the non-
energy eigenbasis measurements. Moreover, we evaluate
how much quantum correlations such as entanglement
and quantum discord are generated between system and
measurement device during this evolution. These results
let us know the conditions when the non-energy eigenba-
sis measurements can be realized with this system.
The remainder of this paper is organized as follows.
First, we introduce the ultra-strongly-coupled system
and its ground state. Second, we discuss the interaction
between the nonlinear resonator and the ultra-strongly-
coupled system, and we introduce a coarse-graining mea-
surement of the nonlinear resonator itself. Third, we
present numerical results to show how a strong corre-
lation arises, even in a parameter regime where the cou-
pling strength may be incorrectly considered to be neg-
ligible. Fourth, we show that, as the effective energy of
the ultra-strongly-coupled system decreases, the entan-
glement between the ultra-strongly coupled system and
the nonlinear resonator-increases. Finally, we examine
the quantum discord between the ultra-strongly coupled
system and the nonlinear resonator.
I. ULTRA-STRONG COUPLING BETWEEN
LIGHT AND MATTER
The Hamiltonian of light in a single-mode cavity ultra-
strongly-coupled to matter (where the matter is well de-
scribed by a two-level system) is, in its simplest form,
given by the Rabi model [63]
HˆRabi =
ωq
2
σˆx + g(aˆ+ aˆ
†)σˆz + ωraˆ†aˆ, (1)
where aˆ (aˆ†) is an annihilation (creation) operator for the
single-mode cavity/resonator, ωq (ωr) denotes the qubit
(resonator) frequency, and g is the coupling strength be-
tween resonator (light) and qubit (matter).
Recall that, when the matter is in the form of a su-
perconducting flux qubit, as in the recent ultra-strong
coupling experiments in [41–43], σˆz = |L〉〈L| − |R〉〈R| is
diagonal in the persistent-current basis of L and R of the
superconducting flux qubit.
Throughout this paper we assume that the qubit fre-
quency is much smaller than the resonator frequency, al-
lowing us later to use an adiabatic approximation. In this
case, in the limit ωq → 0, we can approximately write the
ground state of this system as [23]
|G〉 ≃ 1√
2
(|R〉 |α〉 − |L〉 |−α〉) (2)
where
α = g/ωr, (3)
is the ratio of the coupling strength and resonator energy.
As an example, using parameters close to those used in
[41], we plot the Q function of the reduced density matrix
of |G〉 where the atom is traced out in Fig.1. The defini-
tion of the Q function for a state ρˆ is Q(β) = 1pi 〈β| ρˆ |β〉,
where |β〉 is a coherent state for a complex number β. We
plot the real part of the β in the x axis while we plot the
imaginary part of the β in the y axis. It is worth mention-
ing that, if we can realize a projective measurement in
the basis of 1√
2
(|R〉+|L〉) or 1√
2
(|R〉−|L〉) on this ground
state, we can create an optical cat state, 1√
2
(|α〉+ |−α〉),
in the cavity.
3FIG. 1: (Color online) The Q function 〈β| ρˆ |β〉 /pi of the
reduced density matrix ρˆ of the cavity in the ground state
|G〉. Here ωq = 2pi × 0.299 GHz, g = 2pi × 4.920 GHz,
ωr = 2pi × 6.336 GHz.
II. USING A NONLINEAR RESONATOR AS A
MEASUREMENT DEVICE
Here, as a measurement apparatus, we consider a
driven nonlinear resonator dispersively coupled to the
qubit. It is well understood that a nonlinear resonator
can exhibit a bistability [55, 57, 64–66], which makes such
a device sensitive to small changes in external fields. In
addition, the nonlinearity induces a rapid change in the
photon number under driving [55], compared to the lin-
ear case. When used as a measurement device, the fast
evolution and the sensitivity of the steady-state to weak
fields results in a strong and fast correlation of the non-
linear resonator state with the qubit being measured, po-
tentially giving a means to implement a rapid projective
measurement. One should note that typically the state of
the nonlinear resonator is itself measured by standard ho-
modyne techniques [63], and this measurement provides
the information about the qubit state.
It is worth mentioning that there are some theoretical
proposals to treat such a measurement device as a two
level system when the measurement outcomes are binary
[11]. However, since such a simplification cannot quan-
tify the strength of the correlation between the target
qubit and measurement apparatus during the measure-
ment process, we need to model the measurement ap-
paratus with a proper Hamiltonian as we will describe
below.
The total system, composed of the ultra-strongly-
coupled light-matter system, and the nonlinear resonator
measurement device, can be described by the Hamilto-
nian in the laboratory frame [23, 25, 26, 55, 57, 65, 66]
Hˆ
(lab)
tot = HˆRabi + Hˆ
(lab)
nr + Hˆ
(lab)
int (4)
Hˆ(lab)nr = (δ + ωd)bˆ
†bˆ− χ(bˆ†bˆ)2 − fcos (ωdt) (bˆ+ bˆ†) (5)
Hˆ
(lab)
int = Jσˆz bˆ
†bˆ (6)
where bˆ is an annihilation operator of the nonlinear sys-
tem, δ denotes the detuning between the nonlinear res-
onator energy and driving frequency, χ is the nonlinearity
strength, f denotes the driving strength of the nonlinear
resonator, and ωd is the driving frequency of the nonlin-
ear resonator. In addition, J is the coupling between the
qubit and the nonlinear resonator, which is not derived
from the dispersive approximation to a dipole coupling,
but is intrinsic (see Appendix B for details.) In the ro-
tating frame defined by Uˆrot(t) = exp[−iωd tbˆ†bˆ] and by
applying the rotating wave approximation, we have
Hˆtot = HˆRabi + Hˆnr + Hˆint (7)
Hˆnr= δbˆ
†bˆ− χ(bˆ†bˆ)2 − f
2
(bˆ+ bˆ†) (8)
Hˆint = Jσˆz bˆ
†bˆ, (9)
In order to include the loss of photons from the nonlin-
ear resonator, we adopt the following Lindblad master
equation, valid when the coupling between nonlinear res-
onator and its environment is weak, and when the cou-
pling J between nonlinear resonator and qubit is weak
[55, 57, 65, 66]
d
dt
ρˆ = −i[Hˆtot, ρˆ] + κ
2
(2bρˆb† − bˆ†bˆρˆ− ρˆbˆ†bˆ), (10)
where κ denotes the photon leakage rate from the nonlin-
ear cavity. The potential losses from the ultra-strongly
coupling system are described later.
A. Coarse-graining of the measurement outcome
After the qubit and the measurement apparatus have
interacted for some time, we need to implement a mea-
surement on the measurement apparatus itself. Ideally,
one could apply a projection operator Pˆx = |x〉 〈x| on
the nonlinear resonator, where |x〉 is an eigenvector of the
quadrature operator xˆ = (bˆ+ bˆ†)/2. However, due to im-
perfections in the measurement setup, one cannot resolve
arbitrarily small differences in the state of the resonator.
Normally, to describe more realistically the measurement
process, one takes this into account by considering the in-
tegrated signal-to-noise [67], where the noise can include
contributions from vacuum fluctuations and noise in the
measurement apparatus itself. Here, instead we employ
a “coarse graining” approximation described by the fol-
lowing operator
Eˆx =
1
π1/4
√
2σ
∫ ∞
−∞
dx′ exp
[
− (x
′ − x)2
4σ2
]
|x′〉 〈x′| ,
(11)
4where σ is the width of the error of the measurement
process, and the post-measurement state is described by
EˆxρˆEˆx/Tr[EˆxρˆEˆx]. Similar coarse graining approaches
have been made in Refs. [68, 69]. This approach allows
us to consider the transition from small to large noise
situations without being specific about the source of the
noise.
Correlations between the nonlinear resonator and the
qubit should occur after they have interacted for some
time, and, for the parameter regime we use in this work,
typically the nonlinear resonator state with x ≥ 0 (x < 0)
corresponds to an outcome where the qubit was initially
in its excited (ground) state. We can describe the post
measurement state of the ultra-strongly-coupled (USC)
system as (see Appendix C for details)
ρˆx≥0 =
1
N
∫ ∞
−∞
dx erfc
(
− x√
2σ
)
〈x| ρˆ |x〉 (12)
ρˆx<0 =
1
N ′
∫ ∞
−∞
dx erfc
(
x√
2σ
)
〈x| ρˆ |x〉 , (13)
where erfc is the complementary error function and N
and N ′ are normalization factors.
In the limit when σ → +∞, we obtain ρˆx≥0 = ρˆx<0 ∝∫∞
−∞ dx 〈x| ρˆ |x〉. In this case, the measurement results
do not contain any information of the post-measurement
state of the qubit. On the other hand, we obtain
ρˆx≥0 ∝
∫ ∞
0
dx 〈x| ρˆ |x〉 , (14)
and
ρˆx<0 ∝
∫ 0
−∞
dx 〈x| ρˆ |x〉 , (15)
in the limit σ → 0, which corresponds to an ideal projec-
tive measurement that can perfectly distinguish x ≥ 0 or
x < 0.
B. Losses in ultra-strongly coupled systems
We must also consider the coupling between the cavity
component of the ultra-strongly-coupled system and its
environment. This allows us to evaluate properties of the
photons leaking out from the system after the measure-
ment on the nonlinear resonator. The interaction Hamil-
tonian between the system and the environment can be
described as [67]
HˆI =
∫
dωΓ(ω)(aˆ+ aˆ†)(cˆ(ω) + cˆ(ω)†), (16)
where cˆ(ω) denotes a boson annihilation operator for the
environment (e.g., an open transmission line). When we
move to the Heisenberg picture, defined by the Hamilto-
nian HˆRabi, the operator (aˆ + aˆ
†) becomes time depen-
dent. We can define (aˆ+ aˆ†)(t) = Xˆ+ + Xˆ−, where Xˆ+
(Xˆ−) denotes the positive (negative) frequency compo-
nent [70–72]. With a rotating wave approximation, we
have
HˆI ≈
∫
dωΓ(ω)[Xˆ+cˆ(ω)† + Xˆ−cˆ(ω)]. (17)
By using a Markov approximation Γ(ω) =
√
γ/2π with
the standard input-output formalism [67], we obtain
cˆout = cˆin +
√
γXˆ+ (18)
cˆin ≡ 1√
2π
∫
dωe−iωtcˆ(ω), (19)
where cˆout (cˆin) denotes an output (input) operator. This
means that the photons leaking from the USC system
into the transmission line are described by the operators
Xˆ+ and Xˆ−. We use these definitions to describe the
potentially observable real photons in the USC system.
However, in the simulations we perform, we assume that
the decay time of the USC system is longer than all other
time scales that we consider, and so we only explicitly
take into account the decay of the nonlinear measurement
apparatus.
III. FULL DYNAMICS OF THE USC SYSTEM
AND NONLINEAR MEASUREMENT DEVICE
Using the parameters from [41], we numerically [73, 74]
solve Eq. (10), with the USC system in the initial state
|G〉, and we consider the post-measurement state of the
USC system after the coarse-graining measurement on
the nonlinear resonator is performed at the time t =
500 ns. In Fig. 2, we show how the Q function of the
resonator part of the USC system depends on the coarse-
graining value. One immediately sees a change in the
state of the USC resonator when the measurement be-
comes weaker (corresponding to an increase of the coarse-
graining values of σ).
In Figs. 3 and 4 we plot the post-measurement observ-
able photons in the USC cavity, xˆ′ = (Xˆ+ + Xˆ−)/2 and
the state of the qubit σˆz = |L〉 〈L| − |R〉 〈R|, for ρˆx≥0
and ρˆx<0. For comparison, we consider both a linear
resonator (χ = 0) and a nonlinear resonator (χ 6= 0)
as the measurement devices. In addition, in Fig. 5, we
show the average photon number inside the measurement
resonator, also for the case of a nonlinear and a linear
device. In all figures, for the nonlinear measurement res-
onator, when we set the coarse-graining value as σ = 5,
the post-measurement state of the USC cavity and qubit
changes significantly, depending on the measurement out-
come, and so we observe a clear measurement backaction
on the ultra-strongly coupled system. Interestingly, in
these examples, we set the coupling strength J as ap-
proximately 300 times smaller than the qubit energy. On
the other hand, for a linear resonator, the effect of the
measurement backaction is negligible in this regime, and
the post-measurement state is almost independent of the
measurement results.
5FIG. 2: (Color online) The Q function of the reduced density
matrix of the resonator ultra-strongly-coupled to the qubit
after the coarse graining-measurement. We consider in (a) a
projection into x < 0 at a time t = 500 ns for σ = 0.5, and (b)
the same projection for σ = 50. These examples confirm that,
as we increase the value of σ, the change of the Q function
induced by the measurement becomes smaller. We set t =
500 ns, ωq = 2pi × 0.299 GHz, g = 2pi × 4.920 GHz, ωr =
2pi × 6.336 GHz, κ = 2pi × 2.375 MHz, δ = 2pi × 5.698 MHz,
χ = 2pi × 80.735 kHz, f = 2pi × 22.792 MHz, and J = 2pi ×
949.8 kHz.
A. Low-energy two-level approximation
To give an intuitive explanation for why the nonlinear
resonator measurement apparatus can become strongly
correlated with the USC system, even when the coupling
between measurement apparatus and system is much
smaller than the system energy scales, we introduce a
two-level approximation for the USC system. (see Ap-
pendix D for details, and a detailed analysis of the va-
lidity of this approximation). In our simulations, the ini-
tial state is |G〉, and the interaction Hamiltonian Jσˆzb†b
mainly induces a transition from |G〉 to the first excited
state |E〉 = 1√
2
(|R〉 |α〉 + |L〉 |−α〉). Since the transition
matrix elements of the interaction Hamiltonian to the
other excited states are negligible, we can approximate
the low-energy states of the ultra-strongly-coupled sys-
tem as a two-level system. In this case, HˆRabi and Hˆint
can be written as
HˆRabi ≈ ωeff
2
σˆ′z (20)
Hˆint ≈ Jσˆ′x bˆ†bˆ, (21)
where
ωeff = ωq exp[−2α2], (22)
and
σˆ′z = |E〉 〈E| − |G〉 〈G| (23)
σˆ′x = |G〉 〈E|+ |E〉 〈G| . (24)
In Fig. 6, we plot 〈σˆ′x〉 corresponding to ρˆx≥0 and ρˆx<0,
with this two-level system approximation. To check the
validity of this simplified model, we plot σˆ′x with this
model and σˆz using the full model in Fig. 6. These results
show an excellent agreement.
FIG. 3: (Color online) 〈xˆ′〉, the quadrature of the cavity in
the USC system, after the coarse-graining measurement that
projects the state into ρˆx≥0 or ρˆx<0 depending on the mea-
surement results. We plot 〈xˆ′〉 in (a) for the nonlinear res-
onator and (b) for the linear resonator as the measurement
apparatus. Here, we set the coarse-graining value as σ = 5.
For the other parameters, we use the same as those in Fig. 2.
With this two-level approximation, we can show that
the large correlation between the nonlinear resonator
and the ultra-strongly-coupled system originates from
the combination of an AC Stark shift and an adiabatic
transition. It is easy to see that the large number of pho-
tons in the nonlinear resonator induces an energy shift
(AC Stark shift) of the USC two-level system. Since the
photon number of the high-amplitude state is different
from that of the low-amplitude state, the size of the AC
Stark shift strongly depends on the state of the nonlinear
resonator. As long as the timescale of the change in the
nonlinear resonator photons is much smaller than 1/ωeff,
the state of the two-level system remains in a ground
state of the following effective Hamiltonian
Hˆeff = J 〈bˆ†bˆ〉H(L) σˆ′x +
ωeff
2
σˆ′z, (25)
where 〈bˆ†bˆ〉H(〈bˆ†bˆ〉L) is the average photon number of the
high (low) amplitude state.
When the nonlinear measurement resonator becomes a
mixed state of the low- and high-amplitude states, we ex-
pect that the AC Stark shift (whose amplitude depends
on the nonlinear resonator state) induces an adiabatic
change of the ground state of the two-level system. This
leads to a large correlation between the USC system and
the measurement resonator. To show the validity of this
interpretation, we analytically calculate the 〈σˆ′z(x)〉 of the
6FIG. 4: (Color online) 〈σˆz〉 after the coarse-graining measure-
ments that projects the state into ρˆx≥0 or ρˆx<0 depending on
the measurement results. We plot 〈σˆz〉 in (a) for the nonlinear
resonator and in (b) for the linear resonator as the measure-
ment apparatus. Here, we set the coarse-graining value as
σ = 5. For the other parameters, we use the same as those in
Fig.2.
FIG. 5: (Color online) The average number of photons in the
nonlinear resonator (dashed green curve) and in the linear
resonator (blue continous curve). The parameters used are
the same as those in Fig. 3.
ground state of the Hamiltonian in Eq. (25) where we
substitute the numerically calculated photon numbers of
the high (low) amplitude state for 〈bˆ†bˆ〉H (〈bˆ†bˆ〉L). In
Fig. 7, we compare these results with the numerical sim-
ulations [73, 74] where the master equation with the sim-
plified Hamiltonian is solved. There is a good agreement
FIG. 6: (Color online) Numerical simulations of the expected
values of σˆ′x and σˆz after the the state is projected into ρˆx≥0
or ρˆx<0 depending on the measurement results. We use the
same parameters as those in Fig. 4.
between these two results, leading us to conclude that the
correlation between the two-level system and the nonlin-
ear resonator is induced by the aforementioned adiabatic
changes due to the AC Stark shift, whose amplitude de-
pends on the nonlinear resonator state. Note that in
Fig. 7 we do not show the time evolution from t = 0 ns
to t = 100 ns, because the high-amplitude state is not
generated until approximately t = 100 ns.
B. Comparison to QND limit
To compare our non-energy eigenbasis measurements
with a ideal quantum non-demoliton (QND) measure-
ments, we now study the behavior of the the Q function
of the nonlinear resonator, as shown in Fig. 8. Here,
we consider the following four cases: (a) a non-energy
eigenbasis measurement with the full Hamiltonian de-
scribed in Eq. (7), (b) a non-energy eigenbasis measure-
ment with the two-level system approximation described
by Eq. (25), (c) quantum non-demoliton measurements
for the full Hamiltonian described in Eq. (7) for the limit
ωq = 0 (which makes the measurement satisfy the QND
condition [HˆRabi, Hˆint] = 0), and (d) null measurements
with J = 0.
First, we again confirm that the two-level approxi-
mation (b) compares well to the full Hamiltonian case
(a). Moreover, we observe a clear difference between our
non-energy eigenbasis measurements and measurements
in the QND limit (c). In particular, the probability to
obtain the high-amplitude state in the the nonlinear res-
onator becomes much larger for QND measurements than
that for the the non-energy eigenbasis measurement case.
Second, a naive application of the rotating-wave ap-
proximation to the system and measurement device cou-
pling term, for the non-energy eigenbasis measurement
case, suggests that the influence of system and measure-
7FIG. 7: (Color online) Numerical results and analytical solu-
tions of the expected values of σˆ′x and σˆ
′
z after the nonlinear
resonator is projected into a high-amplitude state or a low-
amplitude state. In the analytical calculations, we use the
simplified Hamiltonian described in the Eq. (25).
ment apparatus on each other should be entirely negli-
gible. Of course, there is a clear difference between the
case with a finite J and the case without J , because
such an approximation should also take into account the
norm of the operator in the interaction term, which for
the driven nonlinear resonator can be large. The figures
show that, roughly speaking, the probability to obtain
the high-amplitude state of the resonator for the non-
energy eigenbasis measurements lies between the case of
the QND measurements and null measurements.
Also, we increase the ratio J/ωq to check how the ef-
fect of the AC Stark shift will change. In Fig. 9(a), we
plot 〈σˆ′x〉ρˆx≥0 , 〈σˆ′x〉ρˆx<0 , and the Q function at t = 500 ns
where the effective energy ωeff is 10% that used in Fig.4.
From Fig. 9(a), the system converges into an eigenstate
of σˆ′x after the interaction, regardless of the measurement
results of the nonlinear resonator. This can be under-
stood by considering that the AC Stark effect J〈bˆ†bˆ〉H(L)
becomes much larger than the effective energy ωeff so that
the state of the ultra-strongly-coupled system becomes
an eigenstate of σˆ′x for both the high amplitude state
and low amplitude state. Furthermore, it is worth men-
tioning that, from Fig. 9(b), the nonlinear resonator be-
fore the measurement almost becomes a high-amplitude
state. For an ideal quantum projective measurements on
the ground state of the ultra-strongly coupled system,
FIG. 8: (Color online) The Q functions of the nonlinear res-
onator for several conditions: (a) Numerical simulation of the
full Hamiltonian described in Eqs. (3)-(5). (b) The two-level
system approximation. (c) Ideal QND measurement, which
is possible in the limit ωq = 0. (d) When the nonlinear res-
onator does not couple at all with the qubit. We use the same
parameters as those in Fig. 4.
the population in the low-amplitude state should be the
same as that of the high-amplitude state, and so this re-
sult shows that the effective energy ωeff is still too large
to realize a full projective measurement in the persistent
current basis.
We also consider a case when the effective energy ωeff is
1% of that used in Fig. 4. In that case, 〈σˆz〉ρˆx<0 becomes
much larger than 〈σˆz〉ρˆx≥0 , and this cannot be explained
just by the AC Stark shift. Moreover, from Fig. 9(c), the
population of the high-amplitude state becomes compa-
rable with that of the low-amplitude state. Therefore, in
this regime, we realize a strong projection of the ground
state of the ultra-strongly-coupled system in the non-
energy eigenbasis.
IV. NEGATIVITY
As a criteria of entanglement, and to understand how
correlations between nonlinear resonator and USC sys-
tem develop, we consider the negativity. Suppose there
is a Hilbert space of two systems, HA ⊗HB with a state
ρˆAB. The definition of negativity is
N(ρˆ) =
||ρˆTA || − 1
2
(26)
here, ρˆTA is the partial transpose of the state ρˆAB taken
over a subsystem A, and ||Xˆ || = Tr
√
Xˆ†Xˆ is the trace
norm [75]. In our case, the subsystem A corresponds
8FIG. 9: (Color online) (a,b) Dynamics of the ultra-strongly-
coupled system and the nonlinear resonator when the effective
energy ωeff is 10 times smaller than those in Fig. 4. (a) The
expected value of σˆ′x after the nonlinear resonator is projected
into a high-amplitude state or a low-amplitude state. (b) The
Q function of the nonlinear resonator at time 500 ns. (c,d)
Dynamics of the ultra-strongly-coupled system and the non-
linear resonator when the effective energy ωeff is 100 times
smaller than those in Fig. 4. (c) The expected value of σˆ′x af-
ter the nonlinear resonator is projected into a high-amplitude
state or a low-amplitude state. (d) The Q function of the
nonlinear resonator at time 500 ns. Except for the effective
energy of the ultra-strongly coupled system, we use the same
parameters as those in Fig. 4.
to the two-level system approximation of the USC sys-
tem, and B to the nonlinear resonator. In Fig. 10 we
plot the negativity to quantify the entanglement between
the ultra-strongly-coupled system and the nonlinear res-
onator. As we increase the ratio J/ωq, the negativity
also increases. These results show that a reasonably large
entanglement between the ultra-strongly-coupled system
and the nonlinear resonator is generated in the regime
where we realize a projective measurement on the non-
energy eigenbasis. However, due to the decoherence of
the nonlinear resonator, the entanglement quickly de-
grades, and a classical correlation remains in these sys-
tems just before the measurement on the nonlinear res-
onator.
V. QUANTUM DISCORD
To elucidate the previous results further, we consider
the quantum discord (QD), which is defined as follows.
Two possible definitions of the mutual information of the
state ρˆAB
I(ρˆAB) = S(ρˆA) + S(ρˆB)− S(ρˆAB) (27)
JA(ρˆAB) = S(ρˆB)− S(ρˆB|ρˆA) (28)
where S(ρˆ) is a von Neumann entropy for a state ρˆ, ρˆA(B)
is a reduced density operator for HA(B), and S(ρˆB|ρˆA) is
FIG. 10: (Color online) Entanglement between the ultra-
strongly coupled system and the nonlinear resonator. We use
the negativity as a measure of entanglement. From the top,
we plot results with effective energies ωeff = 2pi×0.8952 MHz,
ωeff = 2pi × 8.952 MHz, and ωeff = 2pi × 89.52 MHz. Except
for the effective energy of the ultra-strongly coupled system,
here we use the same parameters as those in Fig. 4.
FIG. 11: (Color online) Quantum discord between the ultra-
strongly coupled system and the nonlinear resonator. From
the top, we plot results with effective energies ωeff = 2pi ×
0 MHz, ωeff = 2pi × 0.8952 MHz, ωeff = 2pi × 8.952 MHz,
and ωeff = 2pi × 89.52 MHz. Except for the effective energy
of the ultra-strongly coupled system, here we use the same
parameters as those in Fig. 4.
a quantum generalization of a conditional entropy. In the
purely classical case, one can show that these two defini-
tions of the mutual information are equivalent. However,
in the nonclassical case, these definitions do not neces-
sarily coincide. Also, JA(ρˆAB) is dependent on the mea-
surement basis MˆA for HA. Therefore, QD is defined
as
Q = I(ρˆAB)−maxMˆA{JMˆA(ρˆAB)} (29)
= S(ρˆA)− S(ρˆAB) + minMˆAS(ρˆB|{MˆA}) (30)
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S(ρˆB|{MˆA}) =
∑
k
pkS(Mˆ
A
k ρˆABMˆ
A
k /pk), (31)
and
pk = Tr(Mˆ
A
k ρˆ). (32)
Here MˆAk is a projector when the result is k, and QD is
basis independent and reflects only nonclassical correla-
tions [76, 77]. In our case, system A corresponds to the
approximated two level system and system B the non-
linear resonator. We set the measurement basis on the
approximated two level system as {|ϕ1〉 〈ϕ2| , |ϕ2〉 〈ϕ2|},
|ϕ1〉 = cos(θ/2) |g〉+ eiφsin(θ/2) |e〉 , (33)
|ϕ1〉 = sin(θ/2) |g〉 − eiφcos(θ/2) |e〉 , (34)
(0 ≤ θ ≤ π, 0 ≤ φ < 2π), where |e〉 and |g〉 are the
eigenstates of σˆ′x. Given these definitions we find the
(θ, φ) which realizes minMˆAS(ρˆB|{MˆA}).
We plot the QD in Fig. 11. Interestingly, in contrast to
the negativity, the QD, at t = 500 ns, becomes larger as
J/ωq is decreased. This can be explained in the following
way: if J/ωq is sufficiently large, the state becomes a
highly entangled state well approximated by the form
1√
2
(|e〉 |Low〉 − |g〉 |High〉), (35)
which decays, due the measurement of the nonlinear cav-
ity, to the mixture
ρˆf =
1
2
(|e〉 〈e| ⊗ |Low〉 〈Low|+ |g〉 〈g| ⊗ |High〉 〈High|),
(36)
where |High〉 and |Low〉 are high and low amplitude
states of the nonlinear resonator. Since |e〉 and |g〉 are or-
thogonal to each other, ρˆf is a classically correlated state
without any superposition, implying vanishing QD. On
the other hand, when J/ωq is small, the dynamics can
be explained by an AC Stark shift and the state can be
expressed as
ρˆa = pH |ψH〉 〈ψH| ⊗ |High〉 〈High|
+ pL |ψL〉 〈ψL| ⊗ |Low〉 〈Low| , (37)
where pL(H) is the probability that the nonlinear res-
onator is in the low (or high) amplitude state. The state
|ψH(L)〉 is the ground state of Hˆeff . Here, |ψH〉 and |ψL〉
are not always orthogonal to each other, and as such the
correlation in the mixture of the two could have a non-
classical nature. Hence, the QD, in the long-time limit,
tends to have a finite value when J/ωq is small.
VI. MEASUREMENT OF INITIAL STATES
NOT IN THE ENERGY EIGENBASIS
Conventionally, in evaluating the performance of a
readout device, one considers how well the final state of
the measurement device correlates with the different pos-
sible initial states of the system, as discussed in [56, 65].
In our case, this conventional approach does not reveal
sufficient information about how well one can project
something like the ground state of a USC system onto
a non-eigenstate.
For example, in Fig. 12 we plot the probability for
the resonator to be a low amplitude state depending on
the initial states of the USC system. In particular, we
choose these different states to be not eigenstates of the
system Hamiltonian but eigenstates of the σ′x operator
(in the two-level system approximation) which couples to
the measurement device. These eigenstates correspond
to |e〉 = |R〉 |α〉 and |g〉 = |L〉 |α〉 in the full basis, as
described in the previous section. From these graphs, we
can see that in the regime ωeff/J = 94.25 [Fig. 12(b)],
there is no correlation between the state of the nonlinear
resonator and the initial state of system. On the other
hand, for much stronger couplings between system and
measurement device, ωeff/J = 0.9425 [Fig. 12(a)], there
is a strong correlation between the nonlinear resonator
and the initial state of the system.
These figures suggest that, in this conventional pic-
ture, the coupling strength should be comparable with
the effective energy of the system to realize a measure-
ment of an initial state which is not in an eigenstate of
the Hamiltonian. This is because, when the initial state
is not such an eigenstate, the qubit evolves under the
system Hamiltonian with a time scale corresponding to
the inverse of the eigenenergy (in this case, ωeff). If the
interaction between the system and measurement appa-
ratus is much weaker than the eigenenergy of the system
Hamiltonian, the system initial state evolves before the
measurement apparatus obtains information about that
initial state, and so the non-linear resonator has no time
to build a correlation with the initial state of the system.
On the other hand, if the system is prepared in the
ground state of the system Hamiltonian, the system does
not, initially, evolve under the system Hamiltonian. This
gives time for the the measurement apparatus to build
up significant amount of photons, and become correlated
with the system, due to the AC Stark shift, even in the
regime of ωeff/J = 94.25, as shown in the earlier sections
of this work.
VII. CONCLUSIONS
In conclusion, we investigated quantum measurements
in the ultra-strong-coupling regime of a light-matter sys-
tem. In particular, we showed how the ground state of
an ultra-strongly-coupled system can be measured by a
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FIG. 12: Plot of the low-amplitude state probability for differ-
ent initial states of the USC system, corresponding to eigen-
states of the σˆ′x in the two-level approximation. The blue
curve corresponds to the case where we set the initial state to
|g〉 = |L〉 |−α〉 and the dashed green curve to |e〉 = |R〉 |α〉. In
(a) we set ωeff = 2pi×0.8952 MHz and hence ωeff/J = 0.9425.
In (b) we set ωeff = 2pi×89.52 MHz and hence ωeff/J = 94.25.
All other parameters are the same as in Fig 2.
nonlinear resonator. Interestingly, we found that, even if
the coupling strength with the measurement device is two
orders of magnitude smaller than the typical energy scale
of the ultra-strongly-coupled system, we can still induce
a strong classical correlation with the measurement de-
vice. Also, we confirmed that, by increasing the coupling
strength with the measurement device, entanglement be-
tween the system and measurement device can be gener-
ated, and we can realize projective measurements on the
ground state of the ultra-strongly-coupled system. In ad-
dition, we found that the quantum discord tends to have
a finite value at large times in the regime when the dy-
namics can be described by AC Stark shift. Our results
help illuminate the mechanism of how an ultra-strongly
coupled system interacts with a measurement device.
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Appendix A: Non-energy-eigenbasis measurements
Here, we explain the reason why the non-energy eigen-
basis measurement is difficult to realize. Naive calcula-
tions indicate that the non-energy eigenbasis measure-
ments would require a violation of the rotating wave ap-
proximation, which needs a strong coupling between the
system and apparatus. This seems to suggest that, un-
less the coupling between the system and measurement
apparatus is as large as the resonant frequency of the
system and measurement apparatus, it would be difficult
to implement the non-energy basis measurements. How-
ever, our results show that this naive picture is actually
wrong if we use the non-linear resonator as a measure-
ment apparatus.
We can explain these points more quantitatively as fol-
lows. Suppose the Hamiltonian which expresses the cou-
pling between a qubit and a linear resonator as follows.
Hˆ =
ωeff
2
σˆ′z + Jσˆ
′
x bˆ
†bˆ+ ωrbˆ†bˆ (38)
In a rotating frame defined by a unitary operator Uˆ =
exp
[− i(ωeff σˆz/2 + ωrbˆ†bˆ)t], we obtain
Hˆ(t) = J(exp[iωefft]σˆ
′
+ + exp[−iωefft]σˆ′−)bˆ†bˆ (39)
In the limit of a large ωeff , we can use a rotating wave
approximation and we obtain
Hˆ(t) ≈ 0 (40)
in the rotating frame.
More generally, we have a hamiltonian
Hˆ = HˆS + JAˆ⊗ Bˆ + HˆE (41)
where HˆS =
∑
nE
(S)
n |E(S)n 〉 〈E(S)n | and HˆE =∑
mE
(E)
m |E(E)m 〉 〈E(E)m |, (the superindex (S) denotes the
system and the superindex (E) denotes the measure-
ment apparatus). In a rotating frame defined by Uˆ =
exp[−it(HˆS + HˆE)], we have
Hˆ(t) = J
∑
n,n′,m,m′
Cn,n′,m,m′ |E(S)n 〉 〈E(S)n′ | ⊗ |E(E)m 〉 〈E(E)m′ |
(42)
× exp[−i(E(S)n − E(S)n′ )t− i(E(E)m − E(E)m′ )t]
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where Cn,n′,m,m′ = 〈E(S)n | Aˆ |E(S)n′ 〉 〈E(E)m | Bˆ |E(E)m′ 〉. If the
system and measurement apparatus are well detuned, we
obtain
Hˆ(t) ≈
∑
n,m
Cn,n,m,m |E(S)n 〉 〈E(S)n | ⊗ |E(E)m 〉 〈E(E)m | (43)
where we used the rotating wave approximation. So the
terms that commute with HˆS survive. This clearly shows
that we can measure only an observable that commutes
with HˆS if the rotating wave approximation is valid. This
also means that we need a violation of the rotating wave
approximation for the non-energy eigenbasis measure-
ments.
Appendix B: Derivation of the interaction
Hamiltonian between the nonlinear resonator and
the qubit
In this work we rely on an interaction between a super-
conducting flux qubit coupled with a frequency tunable
resonator. This is not a dispersive approximation to a
dipolar coupling. In more detail, the flux qubit is de-
scribed as
Hˆfq =
ǫ
2
σˆz +
∆
2
σˆx (44)
where ǫ denotes an energy bias and δ denotes a tunnel-
ing energy. The Pauli matrix σˆz denotes a population of
a persistent current basis such as σˆz = |L〉〈L| − |R〉〈R|
where |L〉 |R〉 denotes a left-sided (right-handed) persis-
tent current.
The frequency tunable resonator is described as
Hˆr = ω(Φ)aˆ
†aˆ (45)
where ω(Φ) denotes a frequency of the resonator. We as-
sume that the resonator contains a SQUID structure, and
we can tune the frequency of the resonator by changing
an applied flux penetrating the SQUID structure. (For
example, see [78]).
We can derive the interaction between the flux qubit
and resonator as follows. The persistent current states
of the flux qubit induces magnetic fields due to the Biot-
Savart law, and this changes the penetrating magnetic
flux of the SQUID in the resonator. So the frequency
of the resonator depends on the state of the flux qubit.
Suppose that δΦ (−δΦ) denotes the magnetic flux from
the |L〉 (|R〉) state, and the resonator frequency will be
approximately shifted by dωdΦδΦ (− dωdΦδΦ). This provides
us with the following Hamiltonian.
HˆI = g|L〉〈L| ⊗ aˆ†aˆ− g|R〉〈R| ⊗ aˆ†aˆ
= gσˆz ⊗ aˆ†aˆ (46)
where g = dωdΦδΦ. A similar Hamiltonian has been de-
rived in [79] to represented a coupling between an NV
center and flux qubit.
Note that we assume a large detuning between the flux
qubit and resonator. In this case dipolar coupling is neg-
ligible.
Appendix C: Derivation of the coarse graining
measurement
In the case that there is noise in the measurement ap-
paratus, when we have a position measurement, even if
the result of the measurement apparatus is x, the real
value is not necessarily x. To model such situations, we
define a measurement operator as follows
Eˆx =
1
π1/4
√
2σ
∫ ∞
−∞
dx′exp
[
− (x
′ − x)2
4σ2
]
|x′〉 〈x′| (47)
where σ implies the strength of the noise. Eˆx satisfies
the normalization condition∫ ∞
−∞
Eˆ†xEˆxdx = I (48)
Here, we consider a composite system which comprises of
a system which we hope to readout (ultra-strongly cou-
pled system) and its probe (nonlinear resonator). Also,
the measurement result is divided to x ≥ 0 and x < 0.
When we have a measurement on a composite system
ρˆ, the post measurement state when the result is x ≥ 0
becomes
∫∞
0 dxEˆxρˆEˆ
†
x
Tr[
∫∞
0 dxEˆxρˆEˆ
†
x]
=
1
N
∫ ∞
0
dx
∫ ∞
−∞
dx′
∫ ∞
−∞
dx′′ (49)
exp
[
− (x
′ − x)2
4σ2
− (x
′′ − x)2
4σ2
]
×〈x′| ρˆ |x′′〉 |x′〉 〈x′′|
where
N =
∫ ∞
0
dx
∫ ∞
−∞
dx′exp[− (x
′ − x)2
2σ2
]Tr[〈x′| ρˆ |x′〉]. (50)
By tracing out the probe system, we have the post mea-
surement state of the system ρˆx≥0 we hope to readout
as
ρˆx≥0 =
1
N
∫ ∞
0
dx
∫ ∞
−∞
dx′ exp
[
(x′ − x)2
2σ2
]
〈x′| ρˆ |x′〉
(51)
Substituting t = x−x
′√
2σ
, ρˆx≥0 can be rewritten as
ρˆx≥0 =
1
N
∫ ∞
−∞
dx erfc
(
− x√
2σ
)
〈x| ρˆ |x〉 (52)
where erfc(x) is a complementary error function, and is
defined as
erfc(x) =
2√
π
∫ ∞
x
exp(−t2)dt (53)
In the limit of σ → +0, we have
ρˆx≥0 =
1
N
∫ ∞
0
dx 〈x| ρˆ |x〉 (54)
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which is noiseless measurement. Also, in the limit of
σ → +∞, we obtain
ρˆx≥0 =
1
N
∫ ∞
−∞
dx 〈x| ρˆ |x〉 (55)
which shows we cannot have any information from the
system.
Appendix D: Validity of the two level approximation
A. Adiabatic approximation to the Rabi
Hamiltonian
We now explain the adiabatic approximation to the
Rabi Hamiltonian, that has also been used in previous
works [23–26]. We will show that, within the framework
of the adiabatic approximation, the ultra-strongly cou-
pled system can be treated as a two-level system. The
conventional Rabi Hamiltonian can be written as
HˆRabi =
ωq
2
σˆx + g(aˆ+ aˆ
†)σˆz + ωraˆ†aˆ (56)
The adiabatic approximation can be done when ωq ≪
(g, ωr) and the Rabi Hamiltonian can be diagonalized
using the bases
|L〉 |N−〉= |L〉 Dˆ(−α) |N〉 (57)
|R〉 |N+〉= |R〉 Dˆ(α) |N〉 (58)
α= g/ωr (59)
where |L〉 and |R〉 are eigenstates of σˆz, |N〉 is the level
of the eigenstates of aˆ†aˆ, and Dˆ(α) is a displacement
operator. The states |L〉 Dˆ(−α) |N〉 and |R〉 Dˆ(α) |N〉
are degenerate in energy and their energy is EN = ωr(N−
α2). Then, considering that the term ωq/2σˆx couples
these terms, and only the transitions between the states
of the same N are taken into account in the adiabatic
approximation, the Rabi hamiltonian can be rewritten
as
HˆRabi ≈
∑
N=0
[
(EN + ωq
2
〈N−|N+〉) |ψ+N 〉 〈ψ+N | (60)
+(EN − ωq
2
〈N−|N+〉) |ψ−N 〉 〈ψ−N |
]
where
|ψ±N 〉 =
1√
2
(|L〉 |N−〉 ± |R〉 |N+〉) (61)
whose eigenvalues are
EN± = EN ± ωq
2
〈N−|N+〉 (62)
Also, it can be easily shown
〈ψ±N | σˆz |ψ±M 〉= 0 (63)
〈ψ∓N | σˆz |ψ±M 〉= δNM (64)
So, as long as we apply the adiabatic approximation, the
transition due to the σˆz term is between |ψ+N 〉 and |ψ−N 〉.
Since the interaction between the ultra-strongly coupled
system and the non-linear resonator can be expressed as
Jσˆzaˆ
†aˆ, it is possible for us to consider that the ultra-
strongly coupled system is driven only by the σˆz operator.
Also, if the initial state is |ψ−0 〉 and the perturbation term
is proportional only to σˆz (which applies to our system,
which is composed of a ultra-strongly coupled system
and a nonlinear resonator, where the interaction term
can be expressed as Jσˆz aˆ
†aˆ), the dynamics is limited to
|ψ±0 〉. Therefore, as long as the adiabatic approximation
is valid, we can consider our system of the ultra-strongly
coupled system as a two-level system.
B. Estimation of the deviation from the two-level
approximation.
By calculating the deviation from the two-level approx-
imation, we show a quantitative analysis how accurate
the two-level system approximation is in our parameter
regime. We consider a fidelity between the true ground
state |G〉 (the first excited state |E〉 ) and |ψ−0 〉 (|ψ+0 〉.) It
is possible to estimate the accuracy of our two-level ap-
proximation from this fidelity, and we derive a condition
of the fidelity to be close to the unity. Now, we define
Hˆ0 =
∑
N=0
[
(EN + ωq
2
〈N−|N+〉) |ψ+N 〉 〈ψ+N | (65)
+(EN − ωq
2
〈N−|N+〉) |ψ−N 〉 〈ψ−N |
]
and
Hˆ ′ = HˆRabi − Hˆ0 (66)
Here, HˆRabi is the one defined in Eq. 56. In this way, we
regard Hˆ0 as the non-perturbative Hamiltonian and Hˆ
′
the perturbative Hamiltonian. By performing a pertur-
bative calculation up to the lowest order, we obtain
|G〉 ≈ 1√N (|ψ
−
0 〉+ |G(0)〉) (67)
where N is a normalization factor. Then by using per-
turbation theory, we have
|G(0)〉=
∑
N
(c+N |ψ+N 〉+ c−N |ψ−N 〉) (68)
c+N= −
〈ψ+N | Hˆ ′ |ψ−0 〉
EN+ − E0− (69)
c−N= −
〈ψ−N | Hˆ ′ |ψ−0 〉
EN− − E0− (70)
In the perturbative calculation, the eigenstate after
adding the perturbative term is not normalized to unity,
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and so we consider a normalization factor N for |G〉 such
as
|G〉 ≈ 1√N (|ψ
−
0 〉+ |G(0)〉). (71)
It can be easily shown that
〈ψ+N | Hˆ ′ |ψ−0 〉 = 〈ψ+N | HˆRabi |ψ−0 〉 = ωq/2 〈ψ+N | σˆx |ψ−0 〉
(72)
and
〈ψ−N | Hˆ ′ |ψ−0 〉 = ωq/2 〈ψ−N | σˆx |ψ−0 〉 . (73)
Then, we have
|G〉 ≈ 1√N
(
|ψ−0 〉 (74)
+
ωq
2
∑
N=2,4,..
(2α)N
(EN− + ωα2 + ωq/2 〈0− |0+〉)
√
N !
|ψ−N 〉
+
ωq
2
∑
N=1,3,..
(2α)N
(EN+ + ωα2 + ωq/2 〈0− |0+〉)
√
N !
|ψ+N 〉
)
Then, by assuming ωq ≪ ω, we have
EN±= ωr(N − α2)± ωq
2
〈N − |N+〉 (75)
≈ ωr(N − α2) (76)
And, we have
|G〉 ≈ 1√N
(
|ψ−0 〉+
ωq
2
e−2α
2( ∑
N=2,4,..
(2α)N
ωN
√
N !
|ψ−N 〉
(77)
+
∑
N=1,3,..
(2α)N
ωN
√
N !
|ψ+N 〉
))
where
N = 1 + ω
2
q
ω2r
e−4α
2
∞∑
N=1
(4α2)N
N2N !
. (78)
Also, we set
ωq
2 〈0− |0+〉 ≈ 0
Similarly, with regard to the first excited state, we can
obtain
|E〉 ≈ 1√N
[
|ψ+0 〉 −
ωq
2
e−2α
2
( ∑
N=2,4,..
(2α)N
ωN
√
N !
|ψ+N 〉
(79)
+
∑
N=1,3,..
(2α)N
ωN
√
N !
|ψ−N 〉
)]
(Note that N in Eq. 77 and Eq. 80 are the same.) The
fidelity FG = | 〈ψ−0 |G〉 |2 and FE = | 〈ψ+0 |E〉 |2 are calcu-
lated as
FG = FE=
1
N (80)
=
1
1 +
ω2q
4ω2r
e−4α2
∑∞
N=1
(4α2)N
N2N !
(81)
FIG. 13: The infidelity f versus qubit frequency ωq for three
regimes g/ωr = 0.51 (red dashed), g/ωr = 0.78 (blue dotted),
g/ωr = 0.99 (green lined).Here ωq varies from 2pi×0.1GHz to
2pi × 0.5GHz, where ωr = 2pi × 6.336 GHz.
Then, we define
f ≡ ω
2
q
4ω2r
exp[−4α2]
∞∑
N=1
(4α2)N
N2N !
(82)
For f ≪ 1, we have FG = FE ≈ 1 − f , and so we can
consider f as an infidelity.
We plot f for three regimes g/ωr = 0.51, 0.78, 0.99.
Here, we fix ωr = 2π×6.336 GHz . From Fig. 13, we can
see that in these regimes the infidelity f is sufficiently
small.
Also, we plot the numerically calculated
hj = | 〈φj | σˆz |G〉 |2, (83)
(j = 2, 3, 4) in Fig. 14 in the same regime where |φ2〉,
|φ3〉, |φ4〉 are the second, third and fourth excited states,
respectively. This shows the leakage from |G〉 to un-
wanted states. From Fig. 13 and Fig. 14, we confirm
that, as long as f ≪ 1 is satisfied, transitions from |G〉 to
the unwanted states such as |φ2〉, |φ3〉, |φ4〉 are small, so
that the two-level approximation should be valid in this
regime.
Appendix E: Losses in the ultra-strongly coupled
system
So far we did not include a full analysis of the USC
losses because we assumed that the time scale of such
losses would be much longer than the readout time. For
completeness, here we present an short analysis of the
influence of such losses. Because including bath-induced
transitions between all eigenstates in the full space is
complex, here we restrict ourselves to the two-level ap-
proximation. We justify this approximation, in our rele-
vant parameter regime, in the previous sections.
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FIG. 14: A measure of leakage to excited states h2(3,4) versus
qubit frequency ωq. Againωq varies from 2pi × 0.1GHz to
2pi× 0.5GHz. We set (a) g/ωr = 0.51, (b) g/ωr = 0.99, where
ωr = 2pi × 6.336 GHz.
The interaction Hamiltonian between our ultra-
strongly coupled system and environment is described
as
HˆI = AˆXˆ + Bˆσˆz, (84)
where Xˆ = aˆ + aˆ† denotes the position operator and
Aˆ (Bˆ) denotes the environmental operator coupled with
the resonator (qubit). Also, we incorporate the effect of
a dephasing bath classically modeled as
Hˆdep = f(t)σˆz , (85)
where f(t) is a time-dependent random variable and the
ensemble average of f(t) is zero. In this case, it is
well know that the Born-Markov-Secular Lindblad mas-
ter equation can be written in the form [25]
dρˆ
dt
= −i[Hˆs, ρˆ] (86)
+
∑
j,k>j
(Γjkσz + Γ
jk
X )D[|j〉 〈k|](ρˆ)
+
∑
j
D[Φdepj |j〉 〈j|](ρˆ)
+
∑
j,k 6=j
ΓjkdepD[|j〉 〈k|](ρˆ)
D[Aˆ](ρˆ)= 1
2
(2AˆρˆAˆ† − Aˆ†Aˆρˆ− ρˆAˆ†Aˆ) (87)
(88)
where Hˆs is the system Hamiltonian and
Γjkσz = κq(∆jk)| 〈j| σˆz |k〉 |2, (89)
and
ΓjkX = κr(∆jk)| 〈j| Xˆ |k〉 |2. (90)
Here, |k〉 and |j〉 are the eigenstates of the system Hamil-
tonian and κq(ω) and κr(ω) is the rate corresponding to
the noise spectra of the qubit and resonator, respectively.
Also,
Φdepj =
√
γdep(0)/2 〈j| σˆx |j〉 (91)
and
Γjkdep = γdep(∆jk)/2| 〈j| σˆx |k〉 |2, (92)
where γdep(ω) denotes the spectral density of the qubit
dephasing at frequency ω. Here, we ignore the term
ΓjkdepD[|j〉 〈k|](ρˆ) as this term is negligible when we op-
erate at the “sweet spot” of the qubit. Owing to the
two-level approximation, we consider only the lowest first
two levels |G〉 and |E〉, and defining γ1 = Γ10σz +Γ10X , and
γ2 = (Φ
dep
0 )
2 = (Φdep1 )
2, we obtain
dρˆ
dt
= −i[Hˆ ′, ρˆ] + γ1 D[|G〉 〈E|](ρˆ) (93)
+ γ2 D[|E〉 〈E| − |G〉 〈G|](ρˆ)
Hˆ ′=
ωq
2
exp(−2α2)(|E〉 〈E| − |G〉 〈G|) (94)
where α = g/ωr. In Fig. 15(a), we plot the expecta-
tion value of σˆz and σˆ
′
x = |E〉 〈G| + |G〉 〈E| without the
noise in the ultra-strongly coupled system. The two-level
approximation shows an excellent agreement with the
full Hamiltonian model. Also, in Fig. 15(b), we plot σˆz
and σˆ′x including the noise in the ultra-strongly-coupled
system with parameters [80] that are realized in recent
experiments [81]. From these results, we can conclude
that the noise in the ultra-strongly coupled system is al-
most negligible and does not have significance on the time
scales in which we are interested.
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FIG. 15: The expectation values 〈σˆz〉 (using the full Hamilto-
nian in Eq. (7)) and 〈σˆ′x〉 (using the approximate Hamiltonian
in Eq. (25)) (a) with and (b) without noise in the ultra strong
system, after the coarse-graining measurements that projects
the state into ρˆx≥0 or ρˆx<0, depending on the measurement
results. We set the coarse-graining value as σ = 5. The noise
rate γ1 = γ2 = 2pi × 23.75 kHz. For the other parameters, we
use the same as those in Fig. 2 in the main text.
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